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DelayAbstract In this paper, an hybrid initial value method on Shishkin mesh is suggested to solve sin-
gularly perturbed boundary value problem for second order ordinary delay differential equation
with discontinuous convection coefficient and source term. In this method, the original problem
of solving the second order differential equation is reduced to solving four first order differential
equations. Among the four first order differential equations, three of them are singularly perturbed
differential equations without delay and other one is a regular differential equation with a delay
term. The singularly perturbed differential equations are solved by the second order hybrid finite
difference schemes, whereas the delay differential equation is solved by the improved Euler method.
An error estimate is derived by using the supremum norm and it is of almost second order conver-
gence. Numerical results are provided to illustrate the theoretical results.
 2016 Faculty of Engineering, Ain Shams University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
In this paper a singularly perturbed boundary value problem
for second order ordinary delay differential equation with dis-
continuous convection coefficient and source term is consid-
ered. It is important to develop suitable numerical methods
to solve singularly perturbed differential equations with a
delay, whose accuracy does not depend on the parameter e,
that is, the methods are uniformly convergent with respect tothe parameter, for more details one may refer to [1–6]. In the
past, only very few people had worked in the area numerical
methods to Singularly Perturbed Delay Differential Equation
(SPDDE). But in recent years, there has been growing interest
in this area, for more details refer [3–8] and the references
therein. In fact, a B-spline collocation method and a finite dif-
ference method for small delay problems have been suggested
in [4,5] respectively. The authors in [6,8] have suggested respec-
tively, an uniformly valid finite difference method and an ini-
tial value method for convection diffusion problems with
smooth data whereas in [7] the authors have suggested an ini-
tial value technique for singularly perturbed problem with
non-smooth data. The author in [3] has suggested a uniformly
valid finite difference method with linear interpolation on
Shishkin mesh for second order ordinary delay differential
equation with discontinuous convection coefficient and it isnd weak
2 V. Subburayanof first order convergence. In the present paper, an hybrid
initial value method on Shishkin mesh is suggested for the
problem considered in [3]. The order of convergence of the
present method is almost second order.
The present paper is organized as follows. In the present
section, the problem under study with discontinuous data is
stated. Existence and stability results of the solution of the
problem are established in Section 2. Some analytical results
for the problem considered in this paper are given in Section 3.
The present numerical method is described in Section 4 and an
error estimate is derived in Section 5. Section 6 presents
numerical results.
Throughout the paper, we assume that C;C1 denote generic
positive constants independent of the singular perturbation
parameter eand the discretization parameter N of the discrete
problem and IN denotes f0; 1; . . . ; Ng. The supremum norm
is used for studying the convergence of the numerical solution




Motivated by the works of [3,9–11], we consider the follow-
ing BVP for SPDDE.
Find u 2 Y ¼ C0ðXÞ \ C1ðXÞ \ C2ðXÞ such that
eu00ðxÞ þ aðxÞu0ðxÞ þ bðxÞuðx 1Þ ¼ fðxÞ; x 2 X;
uðxÞ ¼ /ðxÞ; x 2 ½1; 0; uð2Þ ¼ l;

ð1:1Þ
aðxÞ¼ a1ðxÞ; x2 ½0;1;
a2ðxÞ; x2 ð1;2;





a2ð1þÞ; f1ð1Þ – f2ð1þÞ; a P a1ðxÞ P a1 > a > 0; a 6
a2ðxÞ 6 a2 < a < 0, a < minfa1; a2g, b0 6 bðxÞ 6 b1
<0;aþ2b0Pg0>0 where 0< e1;a;f are sufficiently
smooth and bounded in X. The function b is a sufficiently
smooth function on X;X¼ð0;2Þ;X¼½0;2;X ¼ X[ Xþ;X ¼
ð0;1Þ;Xþ ¼ð1;2Þ and / is smooth on ½1;0. The above prob-
lem is equivalent to
PuðxÞ :¼ eu
00ðxÞ þ a1ðxÞu0ðxÞ ¼ f1ðxÞ  bðxÞ/ðx 1Þ; x 2 X;
eu00ðxÞ þ a2ðxÞu0ðxÞ þ bðxÞuðx 1Þ ¼ f2ðxÞ; x 2 Xþ;

ð1:2Þ
uð0Þ ¼ /ð0Þ; uð1Þ ¼ uð1þÞ; u0ð1Þ ¼ u0ð1þÞ; uð2Þ ¼ l;
where uð1Þ and uð1þÞ denote the left and right limits of u at
x ¼ 1, respectively.
2. Existence and stability results
Theorem 2.1. The problem (1.1) has a solution
u 2 C0ðXÞ \ C1ðXÞ \ C2ðXÞ.
Proof. See [3]. h
Theorem 2.2. Let w 2 C0ðXÞ \ C2ðXÞ be any function satisfy-
ing wð0ÞP 0;wð2ÞP 0;PwðxÞP 0; 8x 2 X and w0ð1þÞ
w0ð1Þ ¼ ½w0ð1Þ 6 0. Then wðxÞP 0; 8x 2 X.
Proof. See [3]. h
Corollary 2.3. For any u 2 Y we have juðxÞj 6
Cmaxfjuð0Þj; juð2Þj; supn2X jPuðnÞjg; 8 x 2 X.Please cite this article in press as: Subburayan V, An hybrid initial value method fo
boundary layer, Ain Shams Eng J (2016), http://dx.doi.org/10.1016/j.asej.2016.03.01Proof. See [3]. h3. Analytical results
In this section, an asymptotic expansion approximation for the
solution of the problem (1.1) is constructed by using the funda-
mental idea of WKB method [12] and the procedure adopted
in [7,8]. Further, the bounds of the derivatives of the solution
are given.
Theorem 3.1. Let u be the solution of the problem (1.2). Then
juðkÞðxÞj 6 C
1þ ek exp að1xÞe
 
; x 2 X;
1þ ek exp aðx1Þe
 
þ ekþ1 exp að2xÞe
 
;
x 2 Xþ; k ¼ 0; 1; 2; 3:
8>><
>>:
Proof. See [3]. h
Note: The above theorem says that, the problem (1.1) has a
weak boundary layer at x ¼ 2 and strong interior layers at
x ¼ 1.
An asymptotic expansion approximation to the solution is
given in (3.5).
Let u0 2 C0ðX [ f0; 2gÞ \ C1ðXÞ be the solution of the
reduced problem of (1.1) given by
aðxÞu00ðxÞ þ bðxÞu0ðx 1Þ ¼ fðxÞ; x 2 X;
u0ðxÞ ¼ /ðxÞ; x 2 ½1; 0; u0ð2Þ ¼ l:

ð3:1Þ




















x 2 ½1; 2 be the solutions of the following problems,
respectively:
L1w1ðxÞ :¼ ew01ðxÞ  a1ðxÞw1ðxÞ ¼ 0;
x 2 ½0; 1Þ; w1ð1Þ ¼ 1; ð3:2Þ
L2w2ðxÞ :¼ ew02ðxÞ  a2ðxÞw2ðxÞ ¼ 0;
x 2 ð1; 2; w2ð1Þ ¼ 1; ð3:3Þ
L3w3ðxÞ :¼ ew03ðxÞ þ a2ðxÞw3ðxÞ ¼ 0;
x 2 ½1; 2Þ; w3ð2Þ ¼ 1: ð3:4Þ
The following theorem gives the estimate of the solutions and
their derivatives of the aforesaid problems (3.2)–(3.4).
Theorem 3.2. Let w1;w2 and w3 be the solutions of the problems
(3.2)–(3.4), respectively. Then, for k ¼ 0; 1; 2; 3 we have,
jwðkÞ1 ðxÞj 6 Cek expðað1 xÞ=eÞ; x 2 ½0; 1;
jwðkÞ2 ðxÞj 6 Cek expðaðx 1Þ=eÞ; x 2 ½1; 2;
jwðkÞ3 ðxÞj 6 Cek expðað2 xÞ=eÞ; x 2 ½1; 2:
Proof. See [2]. h
An asymptotic expansion approximation to the solution of
the original problem (1.1) is given byr singularly perturbed delay diﬀerential equations with interior layers and weak
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Singularly perturbed delay differential equations 3uasðxÞ ¼
u0ðxÞ þ k1½w1ðxÞ  w1ð0Þ; x 2 ½0; 1
u0ðxÞ þ k2½w2ðxÞ  w2ð2Þw3ðxÞ; x 2 ½1; 2:

ð3:5Þ
Here the constants k1 and k2 are to be determined such that
uas 2 Y. In fact the constants k1 and k2 are given by





k1 ¼ ½u0ð1þÞ  u0ð1Þ þ k2½1 w2ð2Þw3ð1Þ½1 w1ð0Þ : ð3:7Þ
It is easy to see that k1 and k2 are bounded constants.
Theorem 3.3. Let u be the solution of (1.1) and uas be its
asymptotic expansion approximation given by (3.5). Then,
ku uaskX 6 Ce.
Proof. Consider the barrier function uðxÞ ¼ C1ewðxÞ
½uðxÞ  uasðxÞ; x 2 ½0; 2 where
wðxÞ ¼
sðxÞ þ exp að1xÞe
 
 e exp ae
 
; x 2 ½0; 1
sðxÞ þ gðxÞ  e exp að2xÞe
 











2þ x2 ; x2 ½0;1;
3x; x2 ½1;2:

It is easy to see that uð0ÞP 0 and uð2ÞP 0.
Let x 2 X. Then
PuðxÞ ¼ C1 ea1ðxÞs0ðxÞ þ aða1ðxÞ  aÞ exp að1 xÞe
 	 

 PðuðxÞ  uasðxÞÞ
P CC1 eþ exp að1 xÞe
 	 

 PðuðxÞ  uasðxÞÞ:
Note that PðuðxÞ  uasðxÞÞ ¼ k1w1ðxÞa01ðxÞ þ eu000ðxÞP C eþð
exp að1xÞe
 
Þ. Therefore PuðxÞP 0; x 2 X for a suitable
C1 > 0. Similarly one can prove that PuðxÞP 0; x 2 Xþ.
By using the Theorem 2.2, we can prove the desired result. h4. Numerical methods
In this section, mesh selection strategy namely piecewise uni-
form mesh (Shishkin mesh) is explained also an improved
Euler scheme for the problem (3.1) and hybrid finite difference
schemes on Shishkin mesh for the problems (3.2)–(3.4) are
described.
4.1. Mesh selection strategy
Since the BVP (1.1) exhibits strong interior layers at x ¼ 1 and a
weak boundary layer at x ¼ 2, we choose a piecewise uniform
Shishkin mesh on ½0; 2. For this we divide the interval ½0; 2 into
six subintervals, namely X1 ¼ ½0; s;X2 ¼ ½s; 1 s; X3 ¼
½1 s; 1, X4 ¼ ½1; 1þ s X5 ¼ ½1þ s; 2 s; X6 ¼ ½2 s; 2,
where s ¼ min 0:25; 2e lnNa
 
. Let h1 ¼ 8N1s; h2 ¼
4N1ð1 2sÞ. The mesh XN ¼ fxi : i 2 INg is defined by
x0 ¼ 0:0, xi ¼ x0 þ ih1; i ¼ 1ð1ÞN=8; xiþN=8 ¼ xN=8 þ ih2; i ¼Please cite this article in press as: Subburayan V, An hybrid initial value method for
boundary layer, Ain Shams Eng J (2016), http://dx.doi.org/10.1016/j.asej.2016.03.011ð1ÞN=4; xiþ3N=8 ¼ x3N=8 þ ih1; i ¼ 1ð1ÞN=4, xiþ5N=8 ¼ x5N=8þ
ih2; i ¼ 1ð1ÞN=4; xiþ7N=8 ¼ x7N=8 þ ih1; i ¼ 1ð1ÞN=8.
4.2. Difference scheme for reduced problem (3.1)






































i ¼ N=2þ 1ð1ÞN 1; U0N ¼ l; ð4:2Þ
where hðiÞ ¼ xi  xi1; a1i ¼ a1ðxiÞ and f1i ¼ f1ðxiÞ.
Theorem 4.1. Let u0 be the solution of the problem (3.1) and its
numerical solution is given by (4.1) and (4.2). Then
ku0 U0kXN 6 Ch2, where h ¼ maxfh1; h2g.
Proof. See [13]. h4.3. Difference schemes for (3.2)–(3.4)
































hðiÞ  a2iW2i ¼ 0; i ¼ 5N8 þ 1ð1ÞN;
8<















: W3N ¼ 1;
ð4:5Þ
where a1iþ1=2 ¼ a1 xiþxiþ12
 
and a2i1=2 ¼ a2 xiþxi12
 
.
Remark: In [14], the condition e 6 CN1 was assumed to
prove the order of the convergence OðN2 log2NÞ. Without
the condition we can prove the result. To illustrate that, we
consider the hybrid finite difference scheme (4.3). The matrix
associated with the aforesaid scheme (4.3) is given by
A ¼ ðai;jÞ, where
a1;1 ¼ e




hðiþ 1Þ þ a1i ; aiþ1;iþ2 ¼ 
e


















and the rest of the entries are zeros.singularly perturbed delay diﬀerential equations with interior layers and weak
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Table 1 Numerical results for the problem stated in Example 6.1.
N (number of mesh points)
16 32 64 128 256 512 1024
DN 4.9030e2 1.8614e2 5.9389e3 2.0545e3 6.4475e4 1.9713e4 5.7391e5
pN 1.3973 1.6481 1.5314 1.6720 1.7096 1.7802 –
Table 2 Numerical results for the problem stated in Example 6.2.
N (number of mesh points)
16 32 64 128 256 512 1024
Numerical results given in [3, Table 1]
DN 7.2967e2 4.7273e2 3.9152e2 2.7566e2 1.8534e2 1.1663e2 6.9885e3
pN 6.2625e1 2.7192e1 5.0620e1 5.7270e1 6.6825e1 7.3887e1 –
Present method
DN 1.6876e2 5.7049e3 1.9683e3 6.3403e4 1.9627e4 5.8499e5 1.7414e5
pN 1.5647 1.5352 1.6344 1.6917 1.7463 1.7482 –
Table 3 Numerical results for the problem stated in Example 6.3.
N (number of mesh points)
16 32 64 128 256 512 1024
Numerical results given in [3, Table 2]
DN 4.7088e2 2.8800e2 2.4542e2 1.6827e2 1.1337e2 7.1177e3 4.2869e3
pN 7.0929e1 2.3083e1 5.4448e1 5.6974e1 6.7152e1 7.3149e1 –
Present method
DN 1.2291e2 4.3446e3 1.4308e3 4.8136e4 1.4964e4 4.4724e5 1.3303e5
pN 1.5003 1.6024 1.5716 1.6856 1.7424 1.7493 –
4 V. SubburayanSuppose 8 a
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hðiþ1Þ  0. That is, the
off diagonal entries of A are non-positive and main diagonal
entries are positive. It is easy to see that, for the vector
K ¼ ð1; 1; . . . ; 1Þ 2 RN=2þ1;AKT > 0. Then, A1 exists and
A1 P 0 [15]. Therefore A is monotone [15,16]. Then we get
the following discrete maximum principle.
Theorem 4.2. Let W1i be any mesh function satisfying
W1N=2 P 0 and L
N
1 W1i P 0; i ¼ 0ð1ÞN=2 1, then
Wi P 0; i ¼ 0ð1ÞN=2.
An immediate consequence of this theorem is the following
stability result.
Theorem 4.3. Let W1i be any mesh function, then
jW1i j 6 C maxfjW1N=2 j; maxj fjL
N
1 W1j jgg; i ¼ 0ð1ÞN=2:
Proof. Using the barrier function ui ¼ CC1 W1i ; i ¼
0ð1ÞN=2 where C1 ¼ maxfjW1N=2 j;maxjfjLN1 W1j jgg one can
prove the result. hPlease cite this article in press as: Subburayan V, An hybrid initial value method fo
boundary layer, Ain Shams Eng J (2016), http://dx.doi.org/10.1016/j.asej.2016.03.01The following theorem gives an error estimate for the above
scheme.
Theorem 4.4. Let w1 be the solution of the terminal value
problem (3.2) and W1i be its numerical solution defined by
(4.3). Then, jw1i W1i j 6 CN2 log2N; i ¼ 0ð1ÞN=2.
Proof. Expanding w1 using the Taylor’s expansion about
xiþxiþ1
2

























ðx xiÞ3 þ    ;
where w1i ¼ w1ðxiÞ. From the aforesaid equations, we haver singularly perturbed delay diﬀerential equations with interior layers and weak
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Figure 1 Numerical solution of the problem stated in Example 6.1.
















þ    ð4:6Þ
















þ    ; ð4:7Þ
where hðiÞ ¼ xi  xi1. From the aforesaid Eqs. (4.6) and (4.7),
we have
w1ðxiþ1Þ  w1ðxiÞ











 6 C 18 ðhðiþ 1ÞÞ2w001iþ1=2

: ð4:9Þ
Consider a mesh function
ui ¼
C1N
2  ðw1ðxiÞ W1iÞ; i ¼ 0ð1Þ3N=8;
C1N
2 log2N ðw1ðxiÞ W1iÞ; i ¼ 3N=8þ 1ð1ÞN=2:
(







1 ðN2ÞLN1 ðw1ðxiÞW1i Þ; i¼ 0ð1Þ3N=8;
C1L
N
1 ðN2 log2NÞLN1 ðw1ðxiÞW1i Þ; i¼ 3N=8þ1ð1ÞN=2:
(
For i ¼ 0ð1Þ3N=8,
LN1 ðw1ðxiÞ W1iÞ ¼ e
w1iþ1  w1i


















6 C expðaxi=eÞð1 expðah1=eÞÞ
LN1 ðw1ðxiÞ W1iÞ
  6 C expðas=eÞ 6 CN2:Please cite this article in press as: Subburayan V, An hybrid initial value method for
boundary layer, Ain Shams Eng J (2016), http://dx.doi.org/10.1016/j.asej.2016.03.01For i ¼ 3N=8þ 1ð1ÞN=2,
LN1 ðw1ðxiÞ W1iÞ ¼ LN1 w1ðxiÞ  ðew01iþ1=2  a1iþ1=2w1iþ1=2Þ
¼ e w1ðxiþ1Þ  w1ðxiÞ









From Eqs. (4.8) and (4.9),
LN1 ðw1ðxiÞW1iÞ





























i P 0; i ¼ 0ð1ÞN=2 1 for a suitable choice of C1.
Then by the Theorem 4.2, ui P 0; i ¼ 0ð1ÞN=2. That is,
jw1ðxiÞ W1i j 6 CN2ðlog2NÞ; i ¼ 0ð1ÞN=2. h
Similarly we can prove the following results.
Theorem 4.5. Let w2 and w3 be the solutions of the problems
(3.3) and (3.4), respectively. Further, let W2and W3 be the
numerical solutions of (3.3) and (3.4), respectively defined by
(4.4) and (4.5). Then kw2 W2k½1;2\XN 6 CN2 log2N and
kw3 W3k½1;2\XN 6 CN2 log2N.4.4. A numerical solution to the BVP (1.1)
A numerical solution of the original problem is given by
Ui ¼
U0i þ k1½W1i  w1ð0Þ; i ¼ 1ð1ÞN=2
U0i þ k2½W2i  w2ð2ÞW3i ; i ¼ N=2þ 1ð1ÞN

ð4:10Þ
where U0i ;W1i ;W2i , and W3i are the numerical solutions of
problems (3.1)–(3.4) and the constants k1; k2 are given in
(3.6) and (3.7).singularly perturbed delay diﬀerential equations with interior layers and weak
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6 V. Subburayan5. Error analysis
In this section we derive an error estimate for the numerical
solution obtained by (4.10) for the problem (1.1).
Theorem 5.1. Let uðxÞ be the solution of the problem (1.1),
further let Ui be its numerical solution defined by (4.10). Then
kuUkXN 6 CðeþN2 log2NÞ.
Proof. From Theorems 3.3, 4.1, 4.4 and 4.5, we have
ku uaskX 6 Ce, kw1 W1k½0;1\XN 6 CN2 log2N; kw2
W2k½1;2\XN 6 CN2 log2N and kw3 W3k½1;2\XN 6
CN2 log2N and ku0 U0kXN 6 CN2. ThenjuðxiÞUij6 juðxiÞuasðxiÞjþ juasðxiÞUij; i2 IN
6
juðxiÞuasðxiÞjþ ju0ðxiÞU0i jþ jk1jjw1ðxiÞW1i j;
i¼ 0ð1ÞN=2









2 log2N; i¼ 0ð1ÞN=2
eþN2 log2N; i¼N=2þ1ð1ÞN:
(That is, juðxiÞ Uij 6 CðeþN2 log2NÞ; i 2 IN. h6. Numerical examples
In this section, three examples are given to illustrate the
numerical method discussed in this paper. We use the double
mesh principle to estimate the error and compute the experi-
ment rate of convergence in our computed solution for all
problems. For this we put DMe ¼ max06i6MjUMi U2M2i j, where
UMi and U
2M
2i are the i
th components of the numerical solutions
on meshes of M and 2M points respectively. We compute the
uniform error and rate of convergence as




. For the following
examples the numerical results are presented for the values
of perturbation parameter e 2 f227; 226; . . . ; 26g.
Example 6.1.
eu00ðxÞ þ 3u0ðxÞ  uðx 1Þ ¼ expðx2Þ; x 2 X
eu00ðxÞ  ð4þ expðxÞÞu0ðxÞ  uðx 1Þ ¼ 1; x 2 Xþ
uðxÞ ¼ x; x 2 ½1; 0; uð2Þ ¼ 2:
8><
>:
Table 1 presents the values of DN and pN for this problem.
Example 6.2. [3, Example 8.1]
eu00ðxÞ þ 3u0ðxÞ  uðx 1Þ ¼ 0; x 2 X
eu00ðxÞ  4u0ðxÞ  uðx 1Þ ¼ 0; x 2 Xþ
uðxÞ ¼ 1; x 2 ½1; 0; uð2Þ ¼ 2:
8><
>:
Table 2 presents the values of DN and pNfor this problem.Please cite this article in press as: Subburayan V, An hybrid initial value method fo
boundary layer, Ain Shams Eng J (2016), http://dx.doi.org/10.1016/j.asej.2016.03.01Example 6.3. [3, Example 8.2]
eu00ðxÞ þ ð3þ x2Þu0ðxÞ  uðx 1Þ ¼ 1; x 2 X
eu00ðxÞ  ð4þ xÞu0ðxÞ  uðx 1Þ ¼ 1; x 2 Xþ
uðxÞ ¼ 1; x 2 ½1; 0; uð2Þ ¼ 2:
8><
>:
Table 3 presents the values of DN and pN for this problem.7. Discussion
A BVP for one type of SPDDEs is considered. To obtain an
approximate solution for this type of problems, an initial value
method on Shishkin mesh is presented. The method is shownto be of order OðeþN2 log2NÞ. This very much reflected in
the numerical results (Tables 1–3). A comparison of the max-
imum error given in [3] and the maximum error of the present
paper is given in Tables 2 and 3. From Tables 2 and 3, it is easy
to see that, the maximum error DN of the present method is
smaller than the maximum error DN given in [3]. Fig. 1 exhibits
that, the problem stated in Example 6.1 has strong interior lay-
ers at x ¼ 1 and weak boundary layer at x ¼ 2. The condition
e 6 CN1 was assumed in [14] to prove almost second order
convergence. But without this condition one can prove the sec-
ond order convergence for homogeneous first order singularly
perturbed ordinary differential equations, see Theorem 4.4.References
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